In this paper, we give the exponential generating functions for the generalized Fibonacci and generalized Lucas quaternions, respectively. Moreover, we give some new formulas for binomial sums of these quaternions by using their Binet forms.
Introduction
The well-known Fibonacci and Lucas sequences are defined by the following recurrence relations: for n ≥ ,
where F  = , F  = , L  = , and L  = , respectively. Here, F n is the nth Fibonacci number and L n is the nth Lucas number.
The Binet formulas for the Fibonacci and Lucas sequences are given by Carlitz, Ferns, Layman and Hoggatt studied many properties of binomial sums of these numbers (see [-] ).
The generalized Fibonacci and Lucas sequences, {U n } and {V n }, are defined by the following recurrence relations: for n ≥  and any nonzero integer p,
where U  = , U  = , V  = , and V  = p, respectively. If we take p = , then U n = F n (nth Fibonacci number) and V n = L n (nth Lucas number).
Let λ and μ be the roots of the characteristic equation x  -px - = . Then the Binet formulas for the sequences {U n } and {V n } are given by
where λ = (p + p  + )/ and μ = (p -p  + )/. From these equalities, by putting = p  + , we see that  + λ  = λ √ and  + μ  = -μ √ . The generating function and the exponential generating function of a sequence {a n } are defined by
respectively. Now, we would like to explain how the generating function of a given sequence {a n } is derived: Firstly, we write down a recurrence relation which is a single equation expressing a n in terms of other elements of the sequence. This equation should be valid for all integers n, assuming that a - = a - = · · · = . Then we multiply both sides of the equation by x n and sum over all n. This gives, on the left, the sum ∞ n= a n x n , which is the generating function a(x). The right-hand side should be manipulated so that it becomes some other expression involving a(x). Lastly, if we solve the resulting equation, we get a closed form for a(x). For more details and properties related to the generating functions and special functions, we refer to [-].
A quaternion p with real components a  , a  , a  , a  , and basis , i, j, k is an element of the form
Throughout this paper, we work in the real division quaternion algebra without specific references being given.
The nth Fibonacci and the nth Lucas quaternions were defined by Horadam in [] as
respectively, where F n and L n are the nth Fibonacci number and the nth Lucas number. Similar to Horadam, the nth generalized Fibonacci quaternion and nth generalized Lucas quaternion are defined by
Here, U n and V n are the nth generalized Fibonacci number and the nth generalized Lucas number.
For n ≥ , the following recurrence relations hold:
where
In [], Iakin gave the Binet formulas for the generalized Fibonacci and generalized Lucas quaternions as follows:
where Inspired by these results, in the present paper we give the exponential generating functions for the generalized Fibonacci and generalized Lucas quaternions. Moreover, we derive some new formulas for binomial sums of these quaternions by using their Binet forms. 
Some properties of generalized Fibonacci and Lucas quaternions
respectively.
Then we get the following equation:
Since, for each n ≥ , the coefficient of t n is zero in the right-hand side of this equation, we obtain
Similarly, we obtain
Theorem . The exponential generating functions for the generalized Fibonacci and generalized Lucas quaternions are
Proof By the Binet formula for the generalized Fibonacci quaternions, we get
Similarly, by the Binet formula for the generalized Lucas quaternions we obtain
Now, we give the following theorems in which the first formulas are proved, and the remaining formulas can be obtained similarly.
Proof If we use the Binet formula for the generalized Fibonacci quaternions, we get
Proof By the Binet formula for the generalized Fibonacci quaternions, we have
Proof By Theorem ., we obtain
Proof From the quaternion multiplication, we have
If we consider the Binet formula for the generalized Fibonacci quaternions, we have 
